Let R be a ring with identity, (M, ≤) a commutative positive strictly ordered monoid and ω m an automorphism for each m ∈ M . The skew generalized power series ring R[ [M, ω]] is a common generalization of (skew) polynomial rings, (skew) power series rings, (skew) Laurent polynomial rings, (skew) group rings, and Mal'cev Neumann Laurent series rings. If S ⊂ R is a multiplicative set, then R is called right S-Noetherian, if for each ideal I of R, Is ⊆ J ⊆ I for some s ∈ S and some finitely generated right ideal J. Unifying and generalizing a number of known results, we study transfers of S-Noetherian property to the ring R[ [M, ω]]. We also show that the ring R[ [M, ω]] is left Noetherian if and only if R is left Noetherian and M is finitely generated. Generalizing a result of Anderson and Dumitrescu, we show that,when S ⊆ R is a σ-anti-Archimedean multiplicative set with σ an automorphism of R, then R is right S-Noetherian if and only if the skew polynomial ring R[x; σ] is right S-Noetherian.
Introduction
Throughout this paper, R is a ring (not necessary commutative) with identity. In [3] , the authors introduced the concept of "almost finitely generated" to study Querré's characterization of divisorial ideals in integrally closed polynomial rings. Later, Anderson and Dumitrescu [1] abstracted this notion to any commutative ring and defined a general concept of Noetherian rings. They call R an S-Noetherian ring if each ideal of R is S-finite, i.e., for each ideal I of R, there exist an s ∈ S and a finitely generated ideal J of R such that Is ⊆ J ⊆ I. By [1, Proposition 2(a)], any integral domain R is (R \ {0})-Noetherian; so an S-Noetherian ring is not generally Noetherian. Also, M is said to be S-finite if there exist an s ∈ S and a finitely generated R-submodule F of M such that sM ⊆ F. Also, M is called S-Noetherian if each submodule of M is S-finite. In [1] , the authors gave a number of S-variants of well-known results for Noetherian rings: S-versions of Cohens result, the Eakin-Nagata theorem, and the Hilbert basis theorem under an additional condition. More precisely, in [1, Propositions 9 and 10], the authors showed that, if S is an anti-Archimedean subset of an S-Noetherian ring R, then the polynomial ring R[X 1 , · · · , X n ] is also an S-Noetherian ring; and if S is an antiArchimedean subset of an S-Noetherian ring R consisting of nonzero divisors, then the power
S-Noetherian property on skew polynomial rings
If R is a commutative ring and S is a multiplicative subset of R, in [1] , the authors proved that the necessary condition for the ring of fractions R S to be a Noetherian ring is that R be an S-Noetherian ring. In noncommutative rings, the situation is more complicated. In fact, if S is a right (resp., left) permutable and right (resp., left) reversible (i.e S is right (resp., left) denominator set), then R has a ring of fraction RS −1 (resp., S −1 R). In this situation, denominator sets (both left and right denominator sets) act like a multiplicatively closed sets in the commutative case. Our interest in this note is multiplicatively closed subsets (i.e. denominator subsets) in noncommutative rings. First we define the notion of S-Noetherian rings for noncommutative rings.
Definition 2.1. Let R be a ring and S a multiplicative subset of R. An ideal I of R is called right S-finite (resp., S-principal), if there exists a finitely generated (resp., principal) right ideal J of R and some s ∈ S such that Is ⊆ J ⊆ I.
A ring R is said to be right S-Noetherian (resp., S-PRIR), if each right ideal of R is right S-finite (resp., S-principal). This definition can be done similarly for left side ideals. Also, we say that an R-module M is right (or left) S-finite if M s ⊆ F (resp., sM ⊆ F ) for some s ∈ S and a finitely generated submodule F of M . A module M is called right (or left) S-Noetherian if each submodule of M is a right (or left) S-finite module.
The author in [1] justified the definition of S-Noetherian for commutative rings by proving some interesting properties of S-Noetherian ring. For example, they showed that if R is S-Noetherian, then the ring of fractions R S is Noetherian and they found the conditions for the reverse of this proposition.
Given rings R, T , an ideal J of T is said to be extended, if there exists an ideal I of R such that ϕ(I) = J where ϕ : R −→ T is a ring monomorphism. Also, a ring R is von Neumann regular if for every a ∈ R there exists an x in R such that a = axa. The center of a ring R is denoted by Cent(R).
Proposition 2.2. Let R be a ring, S ⊆ R a multiplicative set and I a right ideal of R.
1) If R is von Neumman regular, S a denominator set and I ∩ S = ∅, then I is right S-principal.
2) If S ⊆ T are right denominator subsets of R and R is right S-Noetherian(resp., S-PRIR), then R is right T -Noetherian(resp., T -PRIR).
3) If R is von Neumman regular and S a denominator set, then R is right S-Noetherian (resp., S-PRIR) if and only if R is right Noetherian (resp., PRIR).
4) If S is a denominator set and R is right S-Noetherian (resp., S-PRIR), then RS −1 is right Noetherian. 2) Let S ⊆ T be denominator subsets of R. If R is right S-Noetherian (resp., S-PRIR), then for each right ideal of R, there exists s ∈ S such that Is ⊆ J ⊆ I for some finitely generated (resp., principal) right ideal of R. Since s ∈ S, S ⊆ T , s ∈ T which means that R is right T -Noetherian (resp., T -PRIR).
3) Assume that R is a right Noetherian (resp., PRIR) ring. Each right ideal of R is finitely generated (resp., principal). So for each s ∈ S, one can see that Is ⊆ I. Hence R is right S-Noetherian (resp., S-PRIR). On the other hand, assume that R is right S-Noetherian (resp., S-PRIR), so there exists s ∈ S such that Is ⊆ J ⊆ I for some finitely generated (resp., principal) right ideal of R. Also suppose that sts = s for some t ∈ R. So Is ⊆ I. Also, It ⊆ I, so Its ⊆ Is = Ists. So Its. 
is an ideal of RS −1 and s ∈ U (RS −1 ), so we have
On the other hand, ϕ(ϕ −1 (J)) ⊆ J holds for each ideal of RS −1 . Thus J = ϕ(ϕ −1 (J)) and J is an extended ideal of RS −1 .
Let a right ideal K of ring of fraction RS −1 . Since R is right S-Noetherian there exists s ∈ S and a finitely generated (resp., principal) right ideal W of R such that
Since W is finitely generated, ϕ(W ) is finitely generated. So K is finitely generated which means that RS −1 is right Noetherian.
5) The proof is straightforward by [ In [2] the authors defined the notion of anti-Archimedean multiplication set. Now we introduce the notion of σ-anti-Archimedean multiplication set: Definition 2.3. Let R be a ring with an automorphism σ and S a multiplicative set. Then R is called left σ-anti -Archimedean over S, if there exists s ∈ S, such that 
Proof. (⇒)
We prove the theorem for the right version. The proof of left version is similar. First, we claim that if D is a finitely generated R-module and R is a right S-Noetherian ring, then D is a right S-Noetherian module. For this claim, assume that D is a finitely generated right R-module. So there exists a finitely generated free right R-module F and a surjective homomorphism π :
Since I i is a right ideal of R so we have I i s 1 ⊆ I i for i = 1 and
where J i is a finitely generated right ideal of R,1 ≤ i ≤ l, and hence K is a finitely generated R-submodule of F . Thus N s ′ ⊆ K and hence F is a right S-Noetherian R-module.
We know that K is finitely generated in F , so π(K) is finitely generated R-submodule of D. Thus, T s ′ ⊆ π(K) which means that T is S-finite. Since T is an arbitrary R-submodule of D, D is a right S-Noetherian module. Now, we prove that A := R[x; σ] is a right S-Noetherian ring. Let I be right ideal of A and suppose that J = {r i ∈ R|r i is a leading coefficient of any polynomial in I} ∪ {0}.
It is easy to see that J is a right ideal. Since R is right S-Noetherian, Js ⊆ (a 1 R+a 2 R+· · ·+a n R) for some s ∈ S and a i ∈ J. So there exist polynomials f i ∈ I with f i = a i,n i x n i + · · · + a 0,i . Let d = max{n i }. Assume that T is the set of all polynomials in I with degree less than d. Obviously, T is a finitely generated right R-submodule of A. So by the first claim, T is right S-Noetherian.
can be written as follows:
where
Continuing in this way and multiplying
Assume that s i = σ −z+i and multipling t from right side, then
. Hence,
Since s i 's and t are independent from the choice of h ∈ I, we have
Finally, since s 1 s 2 · · · s z−d t ∈ S, the ideal I is S-finite and because I was chosen an arbitrary right ideal of A, hence A is a right S-Noetherian ring.
(⇐) Let I be a right ideal of R. Suppose that
Then J is a right ideal of A. Since A is right S-Noetherian, there exists s ∈ S such that Js ⊆ K ⊆ J, where K is a finitely generated right ideal of A. Suppose that
so each leading coefficient of K is a leading coefficient of J. So (r 1 R + r 2 R + · · · + r l R) ⊆ I and hence I is right S-finite and R is right S-Noetherian. 
Noetherian Skew Generalized Power Series Rings
Throughout this section, (M, ≤) is assumed to be a strictly ordered commutative monoid. The pair (M, ≤) is called an ordered monoid with order ≤, if for every m, m ′ , n ∈ M , m ≤ m ′ implies that nm ≤ nm ′ and mn ≤ m ′ n. Also, an ordered monoid (M, ≤) is said to be strictly orderd if for every m, m ′ , n ∈ M , m < m ′ implies that nm < nm ′ and mn < m ′ n. Let (M, ≤) be a partially ordered set. The set (M,
The author in [24] introduced the ring of generalized power series R[[M ]] for a strictly ordered monoid M and a ring R consisting of all functions from M to R whose support is Artinian and narrow with the pointwise addition and the convolution multiplication. There are a lot of interesting examples of rings in this form (e.g., Elliott and Ribenboim, [7] ; Ribenboim, [23] ) and it was extensively studied by many authors, recently.
In [21] , the authors defined a "twisted" version of the mentioned construction and study on ascending chain condition for its principal ideals. Now we recall the construction of the skew generalized power series ring introduced in [21] . Let R be a ring, (M, ≤) a strictly ordered monoid, and ω : M → End(R) a monoid homomorphism. For m ∈ M , let ω m denote the image of m under ω, that is ω m = ω(m). Let A be the set of all functions f : M → R such that the support supp(f ) = {m ∈ M |f (m) = 0} is Artinian and narrow. Then for any m ∈ M and f, g ∈ A the set
is finite. Thus one can define the product f g : M → R of f, g ∈ A as follows:
(by convention, a sum over the empty set is 0). Now, the set A with pointwise addition and the defined multiplication is a ring, and called the ring of skew generalized power series with coefficients in R and exponents in M . To simplify, take A as a formal series m∈M r m x m , where [18] and [19] ).
For every r ∈ R and m ∈ M we can defined the maps c r , e m : M −→ R by The author in [6] introduced the concept of a lower set. A lower set of L is a subset I ⊆ L such that x ≤ y ∈ I implies x ∈ I for all x, y ∈ L, (which we denoted by ⇓ L for the set of lower sets of L ordered by inclusion). In this concept, we can ignore the condition narrow by lower set, indeed it is proved that if L is a partially ordered set, then ⇓ L is Artinian if and only if L is Artinian and narrow. He also showed that if α : K −→ L is strictly increasing map between partially ordered sets, then if L satisfies Artinian (or Noetherian) property, then so is K. Moreover, if α is surjective and ⇓ K satisfies Artinian (or Noetherian) property, then so does ⇓ L.
An ordered monoid (M, ≤) is called positively ordered if m ≥ 0 for all m ∈ M . In this condition, m m ′ implies m ≤ m ′ for all m, m ′ ∈ M . Now, according to [6, 
in section 4] we have
is finite and we can define ϕ * (f ) = f * , where f * (x) = x ′ ∈ϕ −1 (x) f (x ′ ) for x ∈ M . We show that ϕ * is a ring homomorphism. One can see that
On the other hand
Since ϕ −1 is a homomorphism, ϕ −1 (x)ϕ −1 (y) = ϕ −1 (xy) and so
By equations 3.3 and 3.4 we see that (f g) * (m) = (f * g * )(m). We have also
, where {f (n)} n∈M are the coefficients of f in R. For every n ∈ M , the set ϕ −1 (n) is nonempty and finite, say ϕ −1 (n) = {m 1 , m 2 , . . . , m k }, where k and all the m i depends on n. We define the function
Notice that g is independent of n,
This means that ϕ * (g) = f , and hence ϕ * is surjective. So we proved the claim. It is well-known that there is an strict monoid surjection ϕ : (F n , ) → (M, ) for some n ∈ N. Also, the identity map (M, ) → (M, ≤) is a surjection. So the composition of these two maps is a surjection and by [6 
(i)]). Let
It is easy to see that I T is a left ideal of T . So for each ideal I of R, there is a correspondent ideal in T . Also if I ⊂ J ,then I T ⊂ J T . Hence if there exists a nonstabilized ascending chain in R, then there is one in T . But this is impossible, so R is left Noetherian.
In Theorem 3.2 if we set σ the identity homomorphism then we have: 
S-Noetherian property of generalized skew power series rings
Recall that a ring is called right duo (resp., left duo) if all of its right (resp., left) ideals are two-sided. Also, a right and left duo ring is called a duo ring. We know that if a ring is duo, then every prime ideal is completely prime. It is known that a power series ring over a duo ring need not be duo (on either side).
Lemma 4.1. Let R be a duo ring and S ⊂ R a denominator set. If s ∈ S, r ∈ R then there exists s 1 ∈ S such that srs 1 = rss 1 .
Proof. Let s ∈ S and r ∈ R. Since R is duo, there exist s ′ ∈ S such that sr = rs ′ , so In the previous result, it is easy to see that if s ∈ S, r ∈ R, then there exists s 1 ∈ S such that s 1 sr = s 1 rs. We will use this point in the proposition below. Proposition 4.2. Let R be a duo ring, S ⊆ R a denominator set and M an S-finite R-module. Then M is S-Noetherian if and only if P M is an S-finite submodule, for each S-disjoint prime ideal P of R.
Proof. The "only if" part is clear. For the converse, assume that P M is S-finite for each P prime ideal of R with P ∩ S = ∅. Since M is S-finite, wM ⊆ F for some w ∈ S and some finitely generated submodule F . If M is not S-Noetherian, the set F of all non-S-finite submodules of M is not empty. So F has a maximal element like N by Zorn's lemma. We claim that P = [N : M ] := {r ∈ R | rM ⊆ N } is a prime ideal of R and is disjoint from S. Suppose to the contrary that P ∩ S = ∅ and s ∈ P ∩ S. Then we have
So swN ⊆ sF ⊆ N and N becomes S-finite. This contradiction shows that P ∩ S = ∅. Now suppose that P is not a prime ideal of R. So P is not completely prime. So there exist a, b ∈ R\P and ab ∈ P . So N + aM is S-finite, hence s(N + aM ) ⊆ (R(n 1 + am 1 ) + · · · + R(n p + am p )) for some s ∈ S, n i ∈ N and m i ∈ M . Also [N : a] is S-finite. So t[N : a] ⊆ (Rq 1 +Rq 2 +· · ·+Rq k ) for some t ∈ S and q j ∈ [N : a]. Since R is duo and S is a denominator set in R, there exists s ′′ ∈ S such that s ′′ at = s ′′ ta by Theorem 4.1. Also s(N + aM ) ⊆ (R(n 1 + am 1 ) + · · · + R(n p + am p )). Thus sx = r i n i + r i am i . This means that sx = r i n i + a r ′ i m i for some r ′ i ∈ R. Since sx, r i n i ∈ N , we have
Thus N is S-finite and this contradicts to the fact that N is maximal in F. Therefore P is a prime ideal of R.
One can show that tN ⊆ (Rn 1 + Rn 2 + · · · + Rn l ) + P M for some t ∈ S and n i ∈ N as above or in similar way as that employed in [1, Proposition 4] . Since P M is S-finite, vP M ⊆ G ⊆ P M ⊆ N for some v ∈ S and a finitely generated submodule G of M . So 
. Now, since ax = xf , σ(f i ) = 0 for all i = 0 and σ(f 0 ) = a. Thus, for each a ∈ R there exists f 0 ∈ R such that a = σ(f 0 ). 
Proof. We use the method in [1, Proposition 10] employed by Anderson and Dumitrescu. As S is σ-anti-Archimedean in every ring containing R as a subring, we shall prove the case n = 1, so we assume that T = R[[x; σ]] is duo and σ is an automorphism of R. It is enough to prove that every prime ideal P of T is S-finite. Let π : T → R the R-algebra homomorphism sending x to zero and P ′ = π(P ). Since R is S-Noetherian, there exists s ∈ S such that
Also f 2 ∈ P , since x / ∈ P and sf 1 − d 1,j g j ∈ P . In this way, one can see that for each L ≥ 0,
The following proposition which is proved in [1] , is the corollary of the above theorem. Proof. We can prove this theorem in a similar way as in Theorem 4.4. Consider the notations in the proof of Theorem 4.4. Let x ∈ P . Since σ is bijective, P is S-finite. Let x / ∈ P and f ∈ P , so xf 1 = sf − d 0i g i ∈ P . 
Proof. (⇐)
We use the method of G. Brookfeild employed in [6] . We know that the surjective homomorphism ϕ : F n −→ M (where F is a free monoid) induces a projection 
